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The Structure Factor for Liquid Lead

U. DAHLBORG, M. DAVIDOVIC,+ and K. E. LARSSON
Department of Reactorphysics, Royal Institute of Technology. Stockholm, Sweden.

(Received April 18, 1977)

The structure factor for liquid lead at the temperatures 613 K, 643 K, 863 K and 1163 K are
measured by neutron diflraction. Extensive comparisons to earlier measurements are made as
well as comparisons to different hard-core models.

INTRODUCTION

In recent years there has been a renewed interest in the determination of the
static structure factor for liquids.!* A detailed knowledge of this quantity is
essential in order to obtain an effective inter-particle potential. Several
different schemes, all approximate to some degree, exist in order to extract
the potential from the measured data. The most common way has been to
use the so-called hypernetted-chain equation (HNC) and the Percus-Yevick
equation (PY).? The results are, however, discouraging as the obtained pair
potentials are rather different from the ones obtained from pseudopotential
theory.

However, lately new more successful approaches have appeared. The
“thermodynamic consistency ” scheme proposed by Brennan et al.,* has given
an improved pair-potential for neon. Of great interest is the theory by Weeks,
Chandler and Anderson.!"* Recently Mitra and Gillan® noticed the possi-
bility of inverting the WCA theory. These new approaches have clearly
demonstrated that in dense monoatomic liquids the structure of the liquid
is dominated by the repulsive part of the interatomic potential and that the
slowly varying attractive part can be treated as a perturbation.

In this paper the neutron diffraction technique is used to obtain the liquid
Pb structure factor at four different temperatures. Extensive comparisons

t On leave of absence from the ** Boris Kidric™ Institute, Vinca, Belgrade, Yugoslavia. Now
returned.
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to earlier measurements are made as well as comparisons to different hard-
core models.

GENERAL THEORY

The liquid structure factor (S(Q)) which is related to the measured intensities
in neutron and X-ray diffraction experiments is defined in an isotropic
fluid as

S(Q) = 1 + 4nn j:R’Lq(m — 11jo(QRXIR )

where hQ is the momentum transfer in the scattering process. g(R) is the pair
distribution function and n the number density. Thus the number of atomsin a
shell of thickness dR at distance R from an atom at the origin is given by
4nnR2g(R)R.

From Eq. (1) it is seen that, in principle, from a measurement of S(Q) the
pair distribution function g(R) is obtained via a Fourier transform. However,
as will be discussed below many corrections have to be imposed on the mea-
sured intensity in order to achieve S(Q). Also the restricted range of Q values
which are experimentally obtainable gives rise to some ambiguity in the
Fourier transformation procedure.

In order to proceed further and obtain a formal relation between S(Q)
and the inter-particle pair potential the direct correlation function c(R) is
defined as

«(R) = (2n2R)"* j:Qé(Q)sin QR dQ @

where

- 1
nc(Q) =1 - 5O

The intermolecular potential u(R) is related to g(R) through a cluster ex-
pansion. However, to obtain relations suitable for numerical calculations
several approximations have to be made. The two most commonly used
diréct methods are the HNC and the PY equations.® These can be written

R
U(R)py = kgT ln[l - %],

u(R)unc = kg T[g(R) — c(R) — 1 — Ing(R)] 3



08:59 28 January 2011

Downl oaded At:

THE STRUCTURE FACTOR FOR LIQUID LEAD 15]

where kjp is the Boltzman constant and T the temperature in degrees K. The
two equations are obtained from different truncations of higher order cluster
diagrams. In spite of containing some diagrams less the PY equation mostly
gives better results than the HNC equation. It is also possible to derive an
exact solution for a fluid of hard spheres in the PY recipe. This will be discussed
below.

EXPERIMENTAL DETAILS

The neutron-diffraction patterns were obtained using one of the crystal
spectrometers at the Studsvik reactor. The wave length of the incident
neutrons was 1.06 A. Two different collimations were employed in order to
ensure that no resolution broadening of the main dif{raction peak was present.
Most measurements were performed with a resolution of AQ ~ 0.05 A~ !.
The range of momentum transfer covered was 0.85A°1 < 0 < 9.7A .

The measurements were performed at 340 C, 370 C, 590 C and 890 C. The
sample was in the shape of a slab of size 6 x 8 cm? and of thickness 3.2 mm.
The temperature was controlled with an accuracy of +2 C. The sample con-
tainer was made of a molybdenum frame with 0.5 mm thick windows. In
order to keep the number of background Bragg peaks as small as possible
molybdenum wires were used for heating and molybdenum sheets as radia-
tion shields. The sample arrangement was placed in a water-cooled aluminium
vacuum chamber.

TREATMENT OF DATA

The procedure for extraction of the structure factor, $(Q), from measured
angular distributions of scattered neutrons has been fully discussed by North
et al.,” and here only a few points will be briefly mentioned.

In spite of the attempts to reduce the background several Bragg peaks
from molybdenum were seen in the measured spectra. After subtraction of
the background some small bumps remained at the positions of Mo(211)
and Mo(310) Bragg peaks. To avoid irregularities in the spectra these bumps
were removed by at least square procedure.

The contribution of multiple scattering from the sample was calculated
from the computer program of Cocking and Heard® and found to amount to
about 209 of the single scattering intensity. However, after normalization
of the data to absolute cross section units via a vanadium calibration run it
was noticed that the intensity at small Q-values was substantially higher
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than expected from theoretical reasons. This additional intensity was most
probably due to multiple scattering in the sample container and the furnace.
The effect is possible to simulate with the multiple scattering program de-
veloped by Copley.? It was, however, concluded that a proper normalization
of the measured structure factor could easier be achieved from the known
values of S(Q) for large and small Q. Both ways of normalization involves
several difficulties but should yield the same result.
From the known properties of S(Q) it is easily seen that

S(Q) = aS(Qmeas + B )

where

o= [1 - S(O)lheor]
[S(w)mus - S(O)mcns]

[S(w)meas i S(O)(heor - S(O)mns:l
[S(w)me-s - S(O)mess]

The two quantities S(0),,.,, and S(o0),..s have to be extracted from the
measured distributions.

The limiting value of the structure factor for large Q was obtained from a
least squares fitting of

S(Qmeas = €y + Cyc0s[C3Q — C lexp(—C5Q) &)

to the measured intensity distribution for @ > 3.2 A~!'. The agreement be-
tween the calculated and the measured values is good and thus the deter-
mination of $(0),.., = C; seems to be unambiguous. Some parameter
values from the fit at 613 K are given in Table 1.

B =

TABLE 1|
Fitof S(Q) = C, + C; cos(C,Q — C,); ©*? Consistency checks
TK Cy C, Eq. (8) Eq. (9)
613 328 0.44 0.97 0.89
643 3.29 0.48 0.87 0.89
863 3.38 0.53 0.88 0.92
1163 3.14 0.56 0.97 0.95

The extrapolated intensity at Q = 0 is, however, difficult to get. Several
different ways were tried. The main principle was to avoid relying upon any
other experimental work and also to avoid the arbitrariness which is involved
in the subjective hand-drawing of curves through the data points.
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Instead the following properties of S(Q) and g(R) were used:

i) From the compressibility equation the value of the structure factor at
Q = 0is found to

S(O)lheor = XTnkBT (6)

where X1 is the isothermal compressibility.

ii)) As was discussed above the pair distribution function is in principle
obtainable from a measured S(Q). Uncertainties of the extrapolations of
S(Q)to @ = 0and to Q — oo introduce, however, difficulties in the numerical
computation. Another problem is the statistical nature of the measured
intensities. The resulting g(R) usually shows ripples at small R. As real mol-
ecules can not penetrate each other the value of g(R) inside the hard core
must be negligible. Thus in order to obtain S(0),,.,. an iterative computational
scheme was adopted:

1) A value S(0),,.., = ais chosen

2) S(Q) between Q = 0 and the first measured point at @ = 0.85A7 ! is
assumed to be parabolic’® and given by

2
S(Q) = a + [S(0.85) — a] (J%) @)

3) S(Q) is extrapolated and normalized according to Eqg. (4).
4) g(R) is obtained via Eq. (1).

A “best” value for S(0),,.,, Was chosen so that the expressions

1.5 1.5
f Ig(R)IdR and j 4(RMIR
0

0

had their minimum values. It should be stressed that the ripples in g(R) for
small R does not disappear through this iteration process (compare Figure 6
below).

The resulting normalized structure factors at four temperatures (613K,
643 K, 863 K and 1163 K) are shown in Figure 1 and listed in Table I1. The
total error in each point due to the contribution of statistical and normaliz-
ation errors is about 10.02.

There are at least two consistency criteria S(Q) and the distribution func-
tions derived from S(Q) must fulfill.!* One is the sum rule which results from
the fact that g(R) = 0at R = 0.

(2P fo [1 - S(Q)]Q?dQ = 1 ®)
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FIGURE ! Normalized structure factors for liquid lead at four temperatures.

A second criterium follows directly from the compressibility equation

1 -1 ) 5
4nn<l T T) L C(R)R*dR = 1 ©)
It is obvious from a study of the integrands that Eq. (8) is most sensitive to
the large Q region and thus yields a test of the accuracy of Eq. (5). On the
other hand the largest contribution in Eq. (9) comes from the small Q region
in S(Q). The values of the left hand sides of Egs. (8) and (9) are given in Table
I. All values are low but satisfactorily close to one. It is possible to obtain
the correct values by making “adjustments” of the data within the limits of
error.’2:16 However, we do not feel that this is an allowed method and prefer
to leave the data “unadjusted”. As will be seen below the small Q part of
S(Q) is of particular significance in the calculation of the direct correlation
function ¢(R). Figure 2 shows this region on an enlarged scale. The neutron
data taken from Enderby?® are shown as filled circles while the X-ray data
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FIGURE 2 The structure factor at small momentum transfers. The filled circles are neutron
data from Enderby, the open circles X-ray data from Steffen and the crosses are the present
data. The arrow shows the thermodynamic limit of S(Q).

from Steffen!* are denoted by open circles. There is an agreement within
limits of error between the different experiments. The small indication of a
bump around @ ~ 1A~ might be fortuitous. In the near future accurate
experiments to clarify this point will be performed.

The general effect on S(Q) on heating is a general smearing out of its struc-
ture. In order to obtain a more quantitative idea about the effect the quantity
(T/5(0) - (AS(Q)/AT) is plotted as vertical lines in Figure 3. Average over
three combinations of S(Q) has been taken. The average temperature is
793 K. The open circles are the X-ray data of Steffen.'* The value for @ = 0
(cross) is calculated from the known temperature variation of the compress-
ibility. Even if there is a difference around Q = 2.1 A~! between the X-ray
and the neutron data they both indicate the existence of a minimum between
Q0 =11A""1 and Q = 1.3A~!. This has not been demonstrated earlier
as known to the authors. The physical background for this minimum is not
understood.

In Table III some pertinent quantities of measured structure factors by
different experimentalists are collected. Surprisingly there is a large spread
in the height of the main peak of S(Q) among the different measurements.
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FIGURE 3 The temperature derivative of S(Q). Open circles are X-ray data of Steffen and the
vertical lines are the present data. The cross is calculated from the temperature variation of
compressibility.

However, no significant trend with respect to X-ray diffraction results on one
hand and neutron diffraction results on the other as suggested by Egelstaff
et al.!” can be seen.

COMPARISON TO HARD-CORE MODELS

Generally the repulsive intermolecular forces dominate the structure of a
liquid and accordingly several thermodynamic properties can be explained
by treating the ions as hard spheres. Therefore the attractive part of the
potential can be introduced in this type of calculations via perturbation
methods. Actually, the hard sphere fluid is treated as reference system and the
attractive part as a perturbation to this reference system. Thus a direct com-
parison of the experimentally obtained structure factors to the predictions
of different hard-core models is of considerable importance. Three models
were chosen for this purpose:

i) The fundamenta! hard-core model is due to Ashcroft and Lekner’®
(AL) who used the solutions of the Percus-Yevick integral equations, re-
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ported by Wertheim!® and Thiele,?° to obtain a closed expression for the
structure factor. The result was

S(Q@aL = [1 — nxQ)]™! (10)
where
n&(Q) = —24n(Qo) ™ *{(Q0)*(sin Qo — Qo cos Qo)
+ B(Q0)*[2Q0 sin Qo — (Q%*62 — 2)cos Qo — 2]
+ y[(4Q%¢* — 24Q0)sin Qo
— (Q%* — 12Q%* + 24)os Qo + 24]}
and
_a+ 2n)?
(t—n?
—6n(1 + n/2)?
p-— (an
=7

The packing fraction # is related to the hard core diameter ¢ through n =
nng3/6.

ii) Using the more exact equation of state for hard spheres developed by
Carnahan and Starling?! the AL results were recently modified by Ailawadi??
and by Sharma and Sharma (SS).2? The only modification was in the param-
eters « and # which in the SS model take the form

oo [+ 20" + 0t — 4]

(1 —n* "
ﬂ__—_ry(18+20q—12r]3+r7‘) (12)
R (1-nt

iii) The so called mean spherical model (MSM)? can be considered as a
perturbation version of the AL model. The MSM assumes that the Percus-
Yevick approximation is valid inside a hard core diameter while outside this
distance an attractive potential is included by writing the direct correlation
function as

—u(R)

R =%

(R > o) 13)
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One advantage of the MSA approximation is that it can be solved analytically
for several different potentials u(R). We have chosen the square-well potential
with depth ¢ and width 1.2¢

By a least squares procedure the three hard-core models were fitted to the
measured structure factors over two different Q-regions, 1.8A' < Q0 <
31A 'and 1.8A°' < Q < 60A". The parameter values obtained from
the two regions were almost exactly the same so only one set is given in Table
Iv.

TABLE 1V

Derived values from fits of hard core models.

AL model SS model MSM model
n
TK atoms/A> aA oA o A £ meV ;
613 0.03099 3.080 3.204 3.080 7.2 1.66
643 0.03088 3.070 3.180 3.070 7.3 1.66
863 0.03006 3.031 3.093 3.020 8.8 1.68
1163 0.028%90 3.005 3.062 2.990 4.6 1.62

It is seen in Figure 4 that there is a remarkably good agreement between
measured and calculated structure factors. The main peak is somewhat
better reproduced by the MSM model while for larger Q values the simple AL
model seems to be better. As has been noticed earlier the curves are for large
Q slightly out of phase with respect to the measured points. The SS model
yields a packing fraction at the melting point 0.534 which is too high (n = 0.5
is not permitted on physical grounds) and thus the SS model is not applicable
to liquid lead. A similar behaviour has been seen in liquid titanium.?*

As expected, however, it is obvious that the main features of a liquid
structure factor is due to the repulsive part of the potential. It is also obvious
that in order to obtain a realistic pair potential, i.e. a potential with a soft
core and an attractive part, from a structure factor measurement the experi-
mental data must be of very good quality.

Silbert et al.,> recently explored the correlation between measured
structure factors and the entropy for liquid metals. The quantity which can be
mostly easily compared from the two types of measurements is the packing
fraction. In Figure 5 packing fractions derived from thermodynamic data
are compared to the results from diffraction experiments. All data are re-
produced from Figure 4 of the paper by Silbert et al., except those from Steffen
and the present ones which are obtained from AL model fits. The agreement
between entropy data and diffraction data can not be stated as conclusive.
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FIGURE 4 Calculated structure factors from AL (a) and MSM (b) models at 613 K and
1163 K. The circles are experimental points.
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FIGURE 5 Experimentally obtained packing fractions compared to calculated ones (from
Silbert er al.).
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THE PAIR DISTRIBUTION FUNCTION

The pair distribution functions g(R), obtained from S(Q) via a Fourier
transform (Eq. 1), are shown in Figure 6. It is seen that spurious ripples
occur at small R. This is an effect which definitely depends on how well S(Q)
satisfies the sum rule given in Eq. (8) (see Table I). There are many suggestions
in the literature to “refine” the data thereby obtaining a ripple-free g(R).!®
However, we do not feel convinced that experimental results should be “re-
fined ” and that if a refinement is made the result is unique. The amplitude of
the ripples should instead be considered as a measure of the accuracy of the
data normalization and of the termination errors in the Fourier transform-
ation.

Some pertinent data for g(R) at two temperatures are compared to results
from other experiments in Table V. The agreement between the different

g (R}

T=1163 K
LN m

LN\ —

N\ o~

R[A]

FIGURE 6 Derived pair distribution functions g(R).
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values except for those from Waseda et al.,'® can be considered satisfactory.
However, we do not feel the obtained g(R) accurate enough in order to fit
an analytical formula as suggested by Brostow.2¢

It has been quite customary to derive coordination numbers Z from mea-
sured g(R). The problem of evaluating Z from g(R) has been dealt with in
detail by Pings.!® Different methods can be used, all of them containing
some degree of ambiguity. We have chosen to define Z from

Ry,
Z= J 4nR%ng(R)dR (17
4]

where R,, has been put equal to 445 A. The obtained Z are 11.7, 11.7, 11.3
and 109 for the four measured temperatures (613K, 643K, 863K and
1163 K).

THE DIRECT CORRELATION FUNCTION AND APPROXIMATE
PAIR POTENTIALS

Direct correlation functions ¢(R) derived from the experimental S(Q) via Eq.
(4) at two temperatures are shown in Figure 7a. The compressibility equation
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FIGURE 7 Derived direct correlation functions (a) and pair potentials (b). In (a) the full
curve is obtained from the experimental data. The dotted one corresponds to the best fit of the
AL model to the experimental S(Q). In (b) the full curve is obtained via the PY equation and the
broken one via the HNC equation.
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is satisfied within about 109 which is considered to be satisfactory as c¢(R) is
a Fourier transform of the measured quantity. It was demonstrated in
Figure 4 the experimental S(Q) was to a high degree reproduced by a hard-
sphere model in the sense that the difference between the measured and the
fitted functions is small. However, the hard-sphere models do not yield the
correct value for S(0). For example, from the best fit at 613 K the hard-sphere
model gave S(0) = 0.020 while the theoretical value calculated from Eq. (6)
is 0.009. This difference which is indeed small on a absolute scale implies,
however, that the corresponding direct correlation functions shown as dotted
lines in Figure 7a are very different from the experimentally determined ones.
As ¢(R) is directly related to the pair potential this fact once again accentuates
the need for an accurate measurement of S(Q) in the small Q-region.

As was mentioned above there exists different methods to extract a pair
potential from a structure factor. However, the methods have mostly failed
to yield potentials of the shape which should be expected on physical grounds.
Nevertheless, for the sake of completeness, we have calculated upy(R) and
uync(R) from our data by use of Eq. (3) for two different temperatures. The
results are shown in Figure 7b and are similar to those of North et al.*?
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